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Abstract 

Path-integral representations for a scalar particle propagator in non-Abelian external back- 
grounds are derived. To this aim, we generalize the procedure proposed by Gitman and 
Schvartsman 1993 of path-integral construction to any representation of SU (N) given in terms 
of antisymmetric generators. And for arbitrary representations of SU (N), we present an alter- 
native construction by means of fermionic coherent states. Prom the path-integral representa- 
tions we derive pseudoclassical actions for a scalar particle placed in non-Abelian backgrounds. 
These actions are classically analyzed and then quantized to prove their consistency. 
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1 Introduction 

QFT with external backgrounds is a good approach for describing many physical situations and ef- 
fects. If the external background is strong enough it has to be taken into account non-perturbatively. 
The corresponding methods for QED are well developed and were fruitfully applied for a number 
of calculations, see e.g. yj and citations therein. The external background concept in non-Abelian 
QFT is less developed and meets some difficulties (there is no gauge invariant way of introducing a 
non-Abelian external field). However, the undeniable existence of physical situations where there is 
a sufficiently strong quantized non-Abelian field often serves as a physical justification for treating 
this field as an external classical field, in spite of the above mentioned problem. Interesting physi- 
cally meaningful results obtained in this conceptual framework serve as an additional justification 
for it. We can point out calculations of one- loop effective actions in constant non-Abehan external 
fields [HIHIIS] that were used for constructing the true QCD vacuum, see |9l [TOl [El [Ej . One also 
ought to mention the description of phase-transitions in cosmological QCD [20], non-pertubative 
parton production from vacuum by a classical SU (3) [21J and SU (2) [22J chromoelectric field, 
boundary conditions and topological effects of the vacuum in the presence of a non-homogenous 
external magnetic field in the form of a fiux tube [231 El], and so on. 

The key objects in nonperturbative (with respect to the background) QFT with a non-Abehan 
background are scalar and spinning particle propagators in the corresponding non-Abelian external 
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field. Exact solutions for such objects allow one to obtain by an integration one-loop results for 
various physical quantities. Moreover, path-integral representations for the propagators may be 
useful in obtaining exact solutions, which could then be used in calculations. Manifold path- integral 
representations for scalar and spinning particle propagators were constructed and calculated for 
various Abelian backgrounds in [25l [Ml EH IMl ESl HHl [S] . It turned out that such representations 
are also useful for deriving the so-called pseudoclassical actions for spinning particles, see [38 t [39 t 
I45j . Some path- integral representations for propagators in non- Abelian backgrounds and problems 
related to the pseudoclassical description of isospin were studied in [47l SHI [28] ■ We recall that a 
classical theory for a Yang-Mills particle was first constructed from the classical Hmit of the Yang- 
Mills field equations by Wong [49]. Afterwards, Chen and Dresden [50] showed that the Yang-Mills 
field equations imply the equations of motion for a test particle with isotopic spin in a way similar 
as the Einstein equations imply the equations of a massive test particle. Casalbuoni et.al. [48] 
obtained a gauge-invariant Lagrangian description of scalar and spinning particles with isotopic 
spin, where Grassmann variables describe the internal degrees of freedom at the classical level, so 
that quantization gives finite-dimensional representations of the gauge group. Balachandran et.al. 
|47) applied Dirac quantization to a pseudoclassical Lagrangian formulation of scalar and spinning 
particles interacting with a non-Abelian gauge field, and additionally developed the method we 
use here to obtain the irreducible representations of isospin. In |40j, the isospinor structure of the 
propagator of a scalar relativistic particle in the fundamental representation of SU (2) is derived 
from a path-integral representation using methods developed for the case of the spinning particle. 

In the present article we return once again to these problems for the case of a scalar particle 
with isospin placed in various non-Abelian external backgrounds. We point out that a quantized 
scalar field in a non-Abelian background has been put forward as a tentative explanation of QCD 
confinement by means of a massive scalar particle (dilaton) [5T], and also appears in the form of 
fundamental scalars coupled to gauge curvature terms in string theory [54] . 

We construct path-integral representations for the scalar particle propagator from two ap- 
proaches: one is a generalization of the procedure proposed in [40j to any representation of SU (N) 
given in terms of antisymmetric generators, while the other is a constructed using fermionic co- 
herent states valid for arbitrary representations of SU (TV) . The latter approach is a modification 
of the path-integral representation of the Dirac propagator by means of fermionic coherent states 
presented in [28]. In both cases we derive the pseudoclassical actions for a scalar particle in non- 
Abelian backgrounds, and quantize them to prove their consistency. In the Appendix, we put some 
technical details and proofs. The developed techniques can be easily generalized to the case of a 
spinning particle in non-Abelian and gravitational backgrounds. Such a generalization is the subject 
of our next publication. 

2 Propagator representations 

The causal propagator for a relativistic scalar particle interacting with a su (N) valued external 
field Af^ in Minkowski spacetime (in natural units h — c=l)is described by the equation 

{V^ - m') D^^ {x,y)^ -6^6' [x - y) , = id^ - qA^ , (1) 

where Af^ = A'^t'^p is a linear combination of the traceless hermitian matrices t"^, a — 1, .., N'^ — 1 
which are the generators of the Lie algebra su {N) in an nxn irreducible matrix representation whose 
indices are labeled by greek letters from the beginning of the alphabet, a,/?, 7, etc., a = 1, N. Since 
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SU [N) is a compact group, there is a basis where its structure constants are totally antisymmetric 
and purely imaginary, 



and the generators can be normaHzed as tr(taif,) = l/2(5ah. 

In the following we will consider two different reaHzations of the Lie algebra ^ of su (N) . The 
first realization will be in terms of creation and annihilation operators defined on a suitable Fock 
space, and the second realization will be in terms of the generators of a suitable Clifford algebra. 

I. Let us consider the first realization. Consider an abstract Hilbert space H which is the 
direct product of the usual representation space for the Heisenberg algebra, whose basis vectors are 
denoted as |a;). 



and an abstract Hilbert space V which we do not specify for the time being, but whose orthonormal 
basis vectors are |a) , a = 1, n. 



Thus, the abstract Hilbert space Ti = H ® V has the orthonormal basis \x,a) = \x) ® \a) , 

Next, we interpret the matrix operators appearing in ([l]), as matrix elements of operators in Ti.. 
With this in mind, the propagator D°'„ (x, y) is the matrix element of an abstract operator D, 




(2) 




(3) 



n 




(4) 



D{x,y) 



{x,a\D\y,(5) 



(5) 



and the generators are matrix elements of the operators t, 



{a\ia\P)^tZp. 



We note that if the matrix elements of the operators ta are generators of a representation the 
algebra su {N), then so are the operators themselves: 





where 



-Pp = -'P^' ~ 9-4^ ' = (^) , {x, a\ Pf, \y, 13) = {idf^S^p - gA^ (x) t"^) (5** {x ~ y) . 



Thus, one can formally write the inverse of the operator D, 
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by means of the proper time representation 

D = i [ dXe-'"^^'> , H = -X(P^ -m^ + ie) . (7) 



Let us now further specify TC by defining V as the one-particle sector of the Fock space for the 
fermionic creation and annihilation operators and a, 

a„|0) =0, 4|0) = \a) , 

which satisfy the algebra 

[aLa.p]^^Sa/3, al,al ^^[a^,ap]^ = 0. (8) 

Then it is possible to represent the operators ta as 

L^aif^f^ap, t^f,^{a\ia\P) ■ (9) 
Here it is important to observe that ta are generators of a representation of su (N) , 

[ia , ib] — fab^c , 

since their matrix elements t"^ satisfy the su{N) commutation relations In addition, trace- 
lessness and hermiticity of i"^ imply the same for the operators ta, 

M 

tYta = {a\ ia \a) = = 

where the f-involution of the abstract operator algebra complex-conjugates the matrix entries of t^p 
in the above. Finally, we note that ta conserves the number of particles. Using the representation 
^ for the generators ta and following [55tl28). we now introduce coherent states \x) and (x| defined 
by the exponential of the fermion operators a and acting on the vacuum: 

Ix) = D (x) |0) , (xl = |x>^ , D{x)^ e^'^-^^ , [a^,D (x)]_ = X^D (x) , 

where Xa and Xa = xL ^^'^ Grassmann numbers that commute with the vacuum state. Conse- 
quently, these states satisfy 

a"lx) = x"lx) , (xl4 = (xlxa, 

N 

(xl = e3(xx+«e-2cx) ^ j dxo^dx" Ix) (xl = iy , / dxx = j dxx^i- 

QL — 1 

Using the above identity resolutions, it is possible to relate matrix elements from the one-particle 
sector fock-space basis \a) to the coherent basis |x), 

(«l • 1/3) = / n rfx:.rfx'"dx.dx"eMx'x +xx)^'a (^'| . |^) ^ (iq) 
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where we have used (x| a) — Xa exp ^XX- As a consequence, we are able to recast the original form 
of the propagator as matrix elements of one-particle Fock states, in terms of matrix elements 
of the coherent states, 

D{x,yrp^ II dx'.dx'^dx.dx^e^^'''^'+''^h'^{x,x'\D\y,x)xp- (H) 

•' cr,K=l 

In the next section, the matrix elements {x,x'\ D \y,x) will be used to to obtain a path-integral 
representation for the propagator. 

II. Another possible interpretation of the propagator D {x, y) appearing in ([1]) can be simply as 
the matrix elements 

D{x,y)y = {x\b^,\y) 

of the basis elements \x) of the abstract Hilbert space H. The abstract operator D acquires indices 
directly from the matrices of the generators of su (N) . Notice we have relabeled the indices of the 
matrix representation of su (N) . The new indices i and j denote the matrix entries of a new set of 
generators Ta, 

Ta = -Tat^/^T^ , [Ta,Tfi] = 2Saf) . (12) 

These generators are very convenient for obtaining path-integral representations of the propagator 
using techniques adapted from the spinning particle case. However, for Ta satisfying this 
is a representation only if the matrices ta are antisymmetric, = —ta. This drawback can be 
circumvented if we take the ta matrices in the adjoint representation t^^ = /^{,. Besides, there are 
be situations where it is possible to choose antisymmetric ta for different irreducible representations. 
For instance, in the case of SU (2), it is always possible to choose antisymmetric ta for the integer 
spin s representations. In this case, a,f3 — I, 2s -I- land i,j = 1, ...,2*. In the general case, in the 
adjoint representation, a,(3 — 1, ...,N^ — 1 and thus i,j — 1, ...,2[(^ ~^)/^]. In the familiar case of 
the adjoint representation of su (2), one has 

^» = -^^vk^k^j = -^^ijk^j^k , i,j,k = 1,2,3, 

where the F's satisfy [Fj,rj]^ = 2(5^ and are order 2 matrices, so they can be chosen to be the 
PauH matrices, Ti = ai 0, 

The generators Ti are hermitian and traceless, and they satisfy the su (2) algebra 

[Ti^Tj] = iSijkTk . 

This case is special, because the choice of the adjoint representation for ta gives Ta in the funda- 
mental representation. Another special situation occurs with SU (4), where we can choose ta to be 
antisymmetric matrices of order 6, since su (4) ~ so (6). Thus one has even or odd spinors of so (6) 
with 4 components, giving by means of a method described in sections 3.1 and 4.1, the fundamental 
representation of SU (4) . 
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3 Path integral in coherent states representation 
3.1 Path integral 

Our goal in this section is to write a path-integral representation for 

/•oo 

{x, x'; y, X) ={x,x'\Dy,x)^i d\ {x, x'\ e''"^^^ \y, x) (14) 

Jo 

We insert N — 1 identity resolutions I = J dxdxdx \x, x) i^i x\ and N integration over A: 
Dx{x,x';y,x) ^ ^^^^i J d\o J iY]_^^kdxkdxkjd\i---dXN 

N 

l[{xk,Xk\e-'"^^-^/^ \xk.uXk-i)S{Xk- Xk-i) , (15) 

k=l 

where Xn = x, xn = x', xq = y and Xo = X- In order to evaluate the general matrix element 
appearing in ifTSj) . one must choose a definite ordering prescription for the operators in H. In par- 
ticular, one must solve the ordering ambiguity of the four-fermion term in P^. In [28|, an additional 
identity resolution is inserted between the P operators as a solution to the ordering problem. We do 
not know to which ordering prescription this corresponds, and conventional ordering prescriptions 
such as Weyl ordering and normal ordering are not gauge- invariant. In the sequel we show that 
Weyl ordering is not gauge-invariant, and compute the resulting effective action. As shown in the 
Appendix l|39p . the Hamiltonian operator differs from the Weyl-orderecjl expression by the term 
X^ti {tatb) A'^A'^ . This action, apart from the gauge-breaking term, is identical to the one that 
would be obtained by doubling the time partition. 

Applying the midpoint rule l(4T|) for the general matrix elements gives 



/dp 
——^dfjkdrjk {xk,Xk\ Pk,r]k) {Hw (Afe) H- Q (Afe)) {pk,fik\ Xk~i,Xk^i) 
(ztt) 

Tj i\\-TT fx Xk+Xk-1 _ Vk + Xk-1 



2 2 

'l^ , \ Aa f Xk-1 \ .fc. f Xk + Xk-i 



Q (A,) ^ A,^tr it^t,) Al (^Ji±^\^ A'. 



where H^^ is the Weyl-symbol of llw ■ Substituting the delta functions (5 (Afc — Afc_i) by their 
integral representations and using the integral representations of the fermionic delta (|43|) for the x 
and xintegrations, we have 



..... I \ dAo / ( TT dxfc I ( TT --^rfAfe-^ . 



x'; 2/, X) = Jim i \ dX^ \ \ W dx^WW ^—::idXkj::—^dr]kd7]k ] exp - (x'x' - VnVn + 2x'i1n) 



.-A/ (xk-Xk-i) , (Afc-Afe_i) i{vk-Vk-i)- i{Vk-Vk~i) „ . n(\\V/\^ 

e^V^2^\Pk -r- +7rfc — — r^k - 7. TT ^k-i - Hw (Afe) - Q(Afe) \ At, 



fe=i 



^Weyl ordering here means total symmetrization in bosonic degrees of freedom, and total antisymmetrization in 
fermionic degrees of freedom. 
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where Hw (Xk) = Hw i^Xk, "^"^a" ^ 'Pk,Vk, 2i±|^ j , ijq = x- The term x'x' -VnVn + 2x'vn comes 
from (x'l Vn), and in the Umit — > oo will reduce to ix'rj (1). Taking the limit N ^ oo {At 0) 
and renaming r/ ^ x and ^ ^ x, one has 

/•oo 

Dxix,x'\yiX) =i J dXo J DxDpDXDTTDxDxexpiSeffex.px{^)xi'^) , 

Seff = dt (^x + ttA + ^ (xx - XX) + A ((p^ + qAlhf - m^) - ^Atr {tah) A^A^t^^ , (16) 

where la — X^aX, and the functional integration is performed over the paths (t), (t), X{t), 
7r(t), x{t) and x(0) with boundary values x^ (0) = y^, (1) = x^, A (0) = Aq, x(1) — x' and 

x(o) = x- 

Since the path integral is translation- invariant, one can integrate over the momenta by shifting 
p 1^ p + p, where p — —x/2X — qA'^Ia is the solution to the classical equation x = dHeff/dp. One 
finds after making the substitution 2A = e, the Lagrangian form of the path integral: 

Dx (x, x'; y, X) = * ^ dXo J DxDeDnDxDxM [e, x] exp i {Seff + Sg) exp (x (1) X (1)) , 

Seff - [di[-Ye~ i™' " '^^"^^^'^ + \ixx- XX)) , (17) 
with the Lagrangian measure and reparametrization gauge-fixing term Sg 

M [e, x] = J Dp exp ^J^ e (^p' - ^trt.tbA;^^^'') dt (18) 
Sg= [ nidr (19) 



Thus, the path-integral representation for the propagator can be derived with an unambiguous 
ordering prescription (Weyl-ordering) at the cost of defining a gauge non-invariant measure. 

3.2 Pseudoclassical action 

The action functional Sef / in lfT7|) , 

Seff = ^ ("1^ ~ " '?2;''^;/a + ^ (XX - XX)) , la = X^aX , (20) 

is reparametrization invariant, 

^eSeff = , 5eX = tx, (5^6 = ^ (ee) , (5eX = ex , ^eX = ex • (21) 



In the gauge e = vi?/m it coincides with the action given in |48[ |47] describing a scalar rela- 
tivistic particle with anticommuting coordinates in a representation of a symmetry group G, whose 
equations of motion are 

m^-^ = qx'^F^Ja , Ax" ^ |x" + *9i^^;C/3X^ = , (22) 
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where — d^A^ — 9,yv4° + icif^^^^j^Al, is the field-strength and Dt is the covariant derivative. 

For canonical analysis purposeQ however, it is better to start from the reparametrization invari- 
ant action (|2Q|) . Since this action does not contain derivatives of the einbein, it is best to consider 
it as a velocity (see [57]), and not introduce its conjugate momentum. One thus arrives at the 
following Hamiltonian, 

6 . — 

where the set of constraints $ = {T, 0, 

defines a degenerate supermatrix {$,$}. The constraint algebra is simplified if we consider an 
equivalent set of constraints ^T, 0, ^j, where T is obtained from T through the shifts X ^ X ~ *^ 
and X ^ X - 

The new Hamiltonian with redefined Lagrange multipliers is 



A. 



giving the following time-evolution for the constraints. 



d ~ d I ^ ~ 

-^T = , —(pa = , —(pa = lAa , 

so the condition of conservations of the constraints in time simply determines A and A. The 
equations of motion for the independent variables rj = {x^^,p^, Xa,Xa) are given by 



l) = \ri,hf\ , (j)a = (pa = f = , 

^. J D(<h) 



Di<p) 

where the Dirac brackets have been constructed with regard to the second-class constraint set 
{(/); 0}. Using well known properties of the Dirac brackets, the equations of motion become 

V = {j?, AT}^(^-| , (Pa = (f>a^T ^0, 

And the nonzero brackets between independent variables are 

{x^,Pi^}d(,^) = ^ {Xa,X/3}r,(0) = -«'5a,3. (23) 

Moreover, the la are covariantly constant generators of SU (iV), 

{Ia,h}DW ^ ^'f-blc , DJa = J^Ia + iq±^ Alf^.h = , (24) 

hence are called isospin. 



'Definitions and conventions are those used in 1561. 
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From (|23)) . we see that the Grassmann operators will generate a creation-annihilation operator 
algebra, 

Xa ^ fla , Xq ^ ) Oq, a|, ^ = (5q/3 . (25) 

The Hilbert space H, can be realized as the direct product of a representation space for the Heisen- 
berg algebra and the 2"-dimensional Fock space of the creation and annihilation operators, 

\x; ai- ■ -ap) = a)„^- ■ ■ a)^^ |a;; 0) eU, p = 0,..,n. (26) 

As is well-known, the group SO {2n) preserves the commutation relations l(25|) . and the so (2n) 

generators in the above representation are given by Ca/3 = aa,ajj /2, aaap and al^Op. The Caf3 

belong to the u (n) subalgebra of so (2n). The n operators Cap for a = P form the Cartan subalgebra 
of so (2n). 

The representation l(26|) is a 2"-dimensional spinor representation of so (2n), and its irreducible 
representations are given by states with an even or odd number of creation operators, corresponding 
to the 2"~^-dimensional Weyl (semi-spinor) representations of so (2n). These states can be further 
decomposed in irreducible representations of su{N), since the isospin generators ta are a linear 
combination of the so (2n) generators. 



a • 



Therefore, we see that the ia generate a su {N) subalgebra of so (2n). 

In general, in order to determine the SU {N) content of the wave function, one proceeds as 
in [47|: given ta an irreducible representation of su{N) in terms of n x n matrices, the wave 
function belongs to a (Weyl) semi-spinor representation of so{2n). Then, one decomposes the 
set of Cartan generators of su (TV) (a maximal set of commuting generators) in terms of the n 
Cartan generators of so{2n). In the special case of the representation (|26l) . one can choose the 
operators Cq = [00,0^ /2, a ~ 1, ...,n as the maximum set of commuting generators of so(2n). 
For instance, in the case of SU (2) one can take the isospin projection /i and for SU (3) one can 
take the isospin projection Ii and the hypercharge Y to characterize irreducible representations. 
One then decomposes isospin generators in terms of the Cq, to obtain their eigenvalues for the 
spinor representation of so (2n)to which the wave function belongs. The range of these eigenvalues 
gives the irreducible representations of SU (N). Therefore, to each given n-dimensional irreducible 
representation ta of SU (N), the wave function will belong to a 2"~ ^-dimensional representation 
of SO {2n) (a semi-spinor representation), which decomposes into irreducible representations of 
SU (N) as determined by the isospin generators ta. 

In the special case of SU (2), since it is of rank 1, the Cartan subalgebra is generated by a 
single element, say t^, whose matrix representation in a basis of isospin s eigenstates is of the form 
ts = diag(s, s — 1, —s + 1, — s). The decomposition in Cartan generators of so (4s -|- 2) of the 
isospin operator t^ is as follows, 

ia = sci + (s - 1) C2 H h (-s) C2s+i ■ 

Each Cq- can take either of the values plus or minus 1/2. However, the wave function is in a state 
of either an even number of plus +1/2 (even Weyl spinor) or an odd number of +1/2 (odd Weyl 
spinor). For instance, for s — 1/2, the possible eigenvalues of iafor the even representation is twice 
0, giving two scalar representations; and for the odd representation is ±1/2, giving the isospin 1/2 
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representation. For integer spin, even and odd representations decompose in the same way, and the 
largest representation is of spin (s + 1) s/2. For example, s — 1 gives the eigenvalues 1, 0, —1 and 
again 0, giving the isospin 1 representation plus a scalar. We summarize the results for some values 
of isospin in the table below, 



isospin 


symmetry group 


representation dimension 


decomposition(even;odd) 





SO {2) 


1 





1/2 


SO (4) 


2 


2x0;i 


1 


SO (6) 


4 


0+1 


3/2 


SO (8) 


8 


3 X + 2 ; 2 X 1 


2 


SO{W) 


16 


0+1+2+3 



Thus, in order to obtain the fundamental representation of SU (2) upon quantization, one must 
choose the Hilbert space to be the odd Weyl spinor representation of SO (4) of two-component 
spinors. In this case, one gets from the constraint T the Dirac quantization condition 



T0: 



(Pp + g^^ia)'-m2 0(x)=O 



(27) 



which is precisely the wave equation in |(T]) for ta — ■^o'a- 

It also possible to arrive at these results starting from the classical action l|20p . In the following, 
it will be convenient to express the Grassmann variables x in terms of their real and imaginary 
parts, 

Xa = ^ iXla + iX2a) , 



V2 



so that we are left with the real variables 

1 



Xla = + ' = iXc 

In this way, the Grassmanian kinetic term becomes 



Xa) 



(28) 



Lki' 



(XiXi - X\X\ + X2X2 - X2X2) 



Lfein is invariant under transformations induced by Rajj 

-« (XlaX2/3 + Xl/3X2a) 



-« (XiqXi/3 + X2aX2/3) and Sap 



^uXia 
S\Xia ■ 



) D{4.) 
) Did,) 



where the Dirac brackets for the real variables follows from the old variables' brackets l(23l) and 
their expression in terms of the real variables l(28|) , 

{Xla,Xl/3}D(0) = {X2a,X2/3}£,(0) = -i(5a/3 , {Xla, X2/3}d(0) =0. 

The symmetry generators Rap and Sap satisfy the Lie algebra 

{Ra(3, R'is}d((I,) ~ ^ajRpS + SpsRaj ~ 5asRf3j ~ 5(3~^Ra& , 
{Sap, 'S'75}^(0) = Sa^RpS + SpsRa-) + SaSRp-f + Sp^RaS , 
{Rap, Sjs}d(^^^ = SajSpS — SpsSaj + SasSpj — Sp^SaS ■ 
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Above we recognize the commutation relations of the combination of the o (2n) generators Lij , 
i,j = 1, ...,2n, 

Raf} — -^2q-1, 2/3-1 + L2a,2l3 i SafJ — ^2^, 2/3-1 — ^20-1, 2/3 " <5a/3 • 

Moreover, from the following decomposition of the generators la in terms of the symmetric and 
antisymmetric part of ta , 

la = ta{al3) {XaXf3 + X/3Xa) + *a[Q/3] (XqX/3 " XflXa) 

i 1 

= 2^a{a[3) {XlaX2f3 + Xl/3X2a) + 2^alaf3] (X1qX1/3 + X2qX2/3) , 
1 i 

— -2^a{af3)Saf3 + -^ta[al3]RaP (29) 

we again find the la are a linear combination of Rap and 6*0/3 , which is to say that the la are the 
generators of the subalgebra su{N) of so(2n). It is so(2n) and not o(2n), because the trace part 
of Sa(3 in the expansion of la gives no contribution, since the ta are traceless. 



4 Path integral in Clifford algebra representation 
4.1 Path integral 

We use the representation lfT2|) for the generators Ta and standard techniques [Ml EH] from the 
spinning particle case, adapted to our present problem, to represent the causal propagator. In 
this case, the indices a, (3 and 7 label the matrix entries of the F-matrices, that is, they label the 
representation space for the Clifford algebra. The propertime representation for the operator D ^ 
in the position representation is 

D{xout,x„,) {xout\e~'"^^^\x„,)dX. (30) 



Next a discretization is made inserting iV — 1 identity resolutions / = J da; | a;) (a; | in the above 
expression. 



/>oo /'OO / N —1 \ 

D{xout,Xin)= lim i / dXo / TT dx^ dAi • • • dA/ 
Jo J-^\t\ J 

N 

n e-*^(^')/^ S (A, - A,_i) (31) 



4=1 



where xn = Xout and a;o = Xm. Applying the symmetric or Weyl correspondence to the general 
matrix element, one has 



x,|e-^^(^'J/^^ |a;,_i) - / 7^ exp ( --H ( A„^^,p, ) ) eH-- — , (32) 



(27r)^ 

77 (A, X, p) = A TO^ „ (p2 ^ ^^M^a j.^) ^ 



where H is the Weyl symbol of H, 

V 2 
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As in the spinning particle case [38], one assigns to each matrix Ta its 'time' tj — jAr, so that the 
time-ordered (|3T|) becomes, for = At, 



D{xout,Xin)= lim iT dX 

At— ' 



N 



OO pQO 



m-1 



OO \ 



N 



n ( n -^dx. 



27r 



(33) 



where 



a7 



Pi - H [ Xi, 



Pi + 7r.j 



Xi — Ai_i 

a7 



At. 



(34) 



In the Hmit At ^ 0, S'i — > Sh [x,p; Tin, Tout] is the Hamiltonian action, a functional of the trajectory 
{x{t) ,p{t)) in phase space, defined in the proper-time interval [Tin, Tout], and l(33l) is the discrete 
version of the following path integral in the Hamiltonian form: 

D {xout, Xin) = iT / dXo / Dx / Dp / DXDnexpi / I i • p — iJ (A, a;,p) -I- ttA j dT . 

(35) 

Following [38|, we introduce odd sources Pa{T), anticommuting with the F-matrices, and rewrite 
[Ml as 



D {xout, Xin) — i / dXo / Dx / IJp / DXDnexpi 



p • i -f ttAcZt 



xT po. (t) F"dT 



p=0 



where for simplicity we have made Tin = and Tout = 1- It is possible to present the last term on 
the right-hand side of the above equation as a path integral [3.8, ,58\ , 



tJ\o. (T)F"dT = exp (*r"^ 

(V" (t) (t) - i2po, (t) ^« (t)) dT + (1) (0) 



V'(0)-l-^/.(l)=6l 



?=0 



= Dip 



exp / (t) -00 (t) dT 



i/.(0)+i/'(l)=0 
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where 9 are odd constants, anticommuting with the F-matrices. Then, we arrive at the Hamiltonian 
path-integral representation for the propagator: 



D {xout,Xin) ^ i exp [ iT" 



dXo 



Dx I Dp I DXDtt 



exp < I 



1=0 



X (0) = X^n , X{1)^ Xout , A (0) = Ao , ij{Q)+ij{l) = 0. 
Integrating over the momenta, one finds the Lagrangian path-integral representation: 

D{xout,x,n)^ie^v[i^"^^ deo J exp {i {Sef f + Sg) + i^'' (l) {0)} M [e, x] DxDeDnV^lg^^ 



X (0) = Xin , X{1) = Xout , e (0) = Co , -0 (0) + t/- (1) = 

where the measure M [e, x] and So are 

M [e, X 



(36) 



[e,a;] = J Dp exp — J ep'^dr , Sq = J ttc . 



4.2 Pseudoclassical action 

Let us consider the reparametrization invariant action from ((36l) with the rescaling ip —> i/^/^tp, 

Seff ^ Jdx'(^-Y^^ - qi^Apa + ^V'^^o) , la = ^i^/jV'o^ • (37) 

The above action is essentially the one written in [48j in the case the set of Grassmann variables 
belong to the adjoint representation of a compact simple group G (i"^ = fac)^ ^ind in [47j for in a 

representation with antisymmetric generators ta- The equations of motion in the gauge e = \fiP- jm 
are 

I {^^^ - qK^xn, , Dtr ^ j^r + iqi^A^tZp^P^ = , 

where F^^, is the non-Abehan field strength. 

Next, we follow a similar canonical analysis path than the one taken in the case of the coher- 
ent representation, this time with ta denoting n x n antisymmetric matrices. As expected, the 
Hamiltonian is proportional to constraints. 
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where 

T — ( n.. -\- n ^ 

After redefining T through the shift ijj ^ -ip — i4>^ T ^ T , the constraint algebra becomes 



The set $ 



|t, (/)| is first-class, and the evolution of the independent variables rj — {x,p, ^p) is 



where the Dirac brackets are defined with respect to the second-class constraint set {cp}. The Dirac 
commutator of the independent variables is 



The isospin quantities la satisfy the Lie algebra of SU (N) after quantization and are covariantly 
constant: 

{Ia,h}nM = -'fable , DrI' = + iqx'^ Alf^.l' = . 



dT 



It is clear that upon quantization the Grassmann variables i/'q generate Clifford algebra with n 
generators and positive-definite inner product. And thus the physical states (j) are 2 ["/^l -component 
vectors satisfying 

,2 



(38) 



where the quantum-mechanical isospin operators la = jt^a^a^P precisely those introduced in 



— fab^c ■ 



T2|) and they satisfy the su (N) algebra ^ 

la, lb 



Let us draw a similar analysis of the isospin content for the classical theory as the one given in 
section 3.1. Here, the Grassmannian kinetic terms in the action are invariant under the transfor- 
mations generated by Rap = —iipa'4'p. 



1 



-ujfijRjSj, -00 



which give a representation for the Lie algebra so (n): 

{Raf3, Rjsjjj^^-) — SajRpS ~ Sp^RaS — SasRfjj + Sf3sRaj ■ 

So the the generators la are a linear combination of the generators La/s of so{n), and therefore 
they generate an su{N) subalgebra of so{n). In order to determine the SU (N) content of the 
wave function, one proceeds as in [47]: given ta an irreducible representation of su{N) in terms 
of n X n antisymmetric matrices, it is clear ipa gives rise to a Clifford algebra in the quantum 
theory, so the wave function can be taken to belong to a spinor representation of so (n) . One then 
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calculates the eigenvalues of a maximal set of commuting generators la for this representation, and 
thus determines how it decomposes in irreducible representations of SU (N). Therefore, to each 
given n-dimensional irreducible representation ta of SU (iV) , the wave function will belong to a 
21"/^] -dimensional representation of SO (n), which decomposes into irreducible representations of 
SU (N) as determined by the isospin generators la ■ 

For example, in the case of SU (2), one can find a basis for which ta are antisymmetric, and in 
which Ii decomposes as 

h = L23 + 2X45 + • • ■ + sL2s,2s+l ■ 

The wave function is a 2*-component spinor of SO (2s + 1). Below we give the SU (2) decomposition 
of the spinor SO (2s + 1) representation for some values of isospin: 



isospin 


symmetry group 


representation dimension 


decomposition 


1 


SO (3) 


2 


1 

2 


2 


SO (5) 


4 


3 
2 


3 


SO (7) 


8 


+ 3 



5 Summary 

We have described two methods of generating classical actions for a scalar particle with isospin via 
path-integral representations of the causal propagator. Dirac quantization of these actions produce 
the corresponding wave equations for various possible representations of SU {N). By means of a 
judicious choice of the pseudo-classical action and the representation of the su {N) algebra in the 
action, it is possible to obtain the wave action for any desired isospin. 

Acknowledgment: R.F. thanks FAPESP for support and D.M.G acknowledges FAPESP and 
CNPq for permanent support. 

A Weyl ordering of operators and functions in the Berezin 
algebra 

Let us write the Hamiltonian operator ^ explicitly: 

Total symmetrization in iand p, and total antisymmetrization in and a gives the Weyl-ordered 
Hamiltonian operator Hw- 

Hw = -A (^f + hao^p (^^Al + [ai,ap\ + q^tac.ph^sA1A^'^ {aiapa\as)^ - m^) , (39) 

where the four-fermion term is given by 

a)^apa\a5 = {a^^apalas) ^ + ]^5^5 {a^aap)^-]^^^ {a\af}) ^+8^13 {a\a5) ^ + ]^5^f} {a)aas)w~\^So,6^<f}-8af}6-f& 

Using the tracelessness of the matrices ta and antisymmetry of the structure constants fabc, we 
have 

2 

H = Hw + A^tr {tatb) i^i^' 
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Thus, the Hamiltonian is the sum of a Weyl-ordered expression plus a gauge non- invariant contri- 
bution. The Weyl-symbol corresponding to Hw is 

Hw = -A + 2qtao.0 {p'"Al) XaX/3 + q^tao.ph^sAlA''^ XcXpXiXs - m^) (40) 

A.l Proofl of fermionic midpoint rule. 

If F (a,a^) is any Weyl-ordered polynomial in a and a\ then 

(Xl F (a, at) 1^) ^ j dfjdrj (x| v) F ^) iv \x) , (41) 

= J dfjdi^ (xl v) F {x. ^) {V \X) , (42) 

Let us prove the identity l|4ip . The proof of the second identity is analogous. First, consider F (d^) 
a polynomial in creation operators. Clearly, F is Weyl-ordered, and l(4T|) is trivially satisfied, 

(xl F (dt) Ix) = J df^dr^ (xl v) F (x) (jy \X) ■ 

Now, for F (d, d^) ~ i {aaf {o)) + (~1)'^''^^ / (a^) d^,^ , where the plus or minus sign depends on 
the parity of / (d^), (|4T| is easily seen to hold. Any Weyl-ordered polynomial can be obtained 
by repeated antisymmetrizations of the form F — j {daf ± fda) where / (d,dt) is Weyl-ordered. 
Therefore, let us prove l(4T|) inductively, by assuming it holds for / (d, d^) and proving it is also true 
for F = i {daf ± /da), 

1 f _ I _ 

(xl 2 (^"/ ^ 1^) = / dvdv^ ((xl aa \v) {v\ f Ix) ± (xl v) {v\ fa^ |x)) 

= y dfjdrj (xl v) 2 ^° {v\ f Ix) 

= J dfjd^d^d^ (xl v) ivl ^^^^^f (^'^') \x) 
= d^d^ (xl ^^^/ 1^) 

where in the last equality we used the identity 

J dfjdri {a\ ?7) (77I /3) / (r;) - {a\ /3) / (/3) . (43) 
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